Abstract In this paper we use the Leray-Schauder continuation method to study the existence of solutions for semilinear differential equations Lu + g{x,u) = h, in which the linear operator L on L 2 {Q) may be non-self-adjoint, the Z/ 2
Introduction
Let ) and #J (z) = The solvability of (1.1) has been extensively studied if L (or -L) = A + A, A may be a non-self-adjoint uniformly elliptic operator with the principal eigenvalue A and the nonlinearity g may be assumed to grow superlinearly in u as \u\ -¥ 00 (see [1, 3, 7, 8, 11, 13, 14] ). When A is self-adjoint with a higher eigenvalue A, and the nonlinearity g has at most linear growth in u as \u\ -> 00, existence theorems of (1.1) are proved in [2, [4] [5] [6] 12, 15, 16] if h satisfies the following Landesman-Lazer condition:
The purpose of this paper to give several abstract existence theorems of (1.1) by using the Leray-Schauder continuation method (see [17] ) when g(x,u) € O(|u| 1//2 ) as |u| -* 00, h € Ar-L (L) and (G3) may be satisfied with (} > 0 and 2a + (3 < 1, in which we improve the main results of Ha [9] , Hess [10] and Robinson and Landesman [18] , where they assume that g is a bounded function that satisfies (G2) and (G3) with c = ro = 0, /3 = 1 and h £ N-1^) . Our results can be applied to many well-known differential operators. For example, let J? be a bounded open set in M. N (N ^1 ) , and A n be the nth eigenvalue of the Laplacian -A :
We first consider the existence of solutions of the problem
{Q) and u = 0 on dO) and L(u) = ±(Au + A n u).
In order, we consider the existence of time-periodic solutions of problems
and L(u) = ±{u t -Au -A n u); and 
Existence theorems
In this section we shall always assume that the linear operator L is closed, densely defined and satisfies (Li)-(L 4 ).
Theorem 2.1. Let j : l ? x l -> R b e a Caratheodory function satisfying (G\) and (G2) with 2a + (
Proof. Let P and Q be the orthogonal projections of H on N(L) and .R(L), respectively, and let / : H -t H be a continuous function defined by
We consider the following semilinear equations
for 0 ^ t ^ 1. Then the problem (2.1) has only a trivial solution when t = 0, and becomes the original problem (1.1) when t = 1. To apply the Leray-Schauder continuation method, it suffices to show that there exists RQ > 0 such that ||u|| < RQ for each 0 < t < 1 and for all possible solutions u to (2.1). Now let u be a possible solution of (2.1) for some 0 < t < 1. By (L 4 ) we have
for some constants Ci,C2 ^ 0 independent of u. To show that solutions to (2.1) for 0 < t < 1 have an a priori bound in H, we argue by contradiction, and suppose that there exists a sequence {u n } in H and a corresponding sequence {£"} in (0,1) such that u n is a solution to (2.1) with t = t n and ||u n || ^ n for all n. Let v n = u n /||u n ||, then \\v n \\ = 1, and, by (2.2), we have, for each n € N, Since a < 1, the right-hand side of (2.3) tends to zero in R as n -> oo, and, since {Pu n } is bounded in /7 and N(L) is of finite dimension, we may assume, without loss of generality, that {v n } is bounded by an L 2 (/2)-function independent of n, converges to w in H, and is pointwise convergent to w on a.e. x € Q. It follows that u n (x) -> oo for a.e. x e fi+ = {y e fi \ w(y) > 0}, u n [x) -» -oo for a.e. x e Q~ = {y E Q \ w{y) < 0}, and w ^ 0 because ||u n || = 1 for all n e N. Taking the inner product of (2.1) in H when u = u n and t = t n with Pu n , we obtain from (L3) that
It is clear from the assumption of h G N-1 (L) that the right-hand side of the last equality of (2.4) is equal to zero. Prom (Gi), (2.2) and the assumption of 2a + /3 < 1 that there exist constants C3, C4 ^0 independent of n such that 
Clearly, from (2.5), the assumption of 2a + /? < 1, the fact of v n (x) -> 0 for a.e. x € fi^ = {y e Q | w(y) = 0} and the Lebesgue bounded convergence theorem that the right-hand side of the last inequality of (2.8) is convergent to zero as n approaches oo. Applying Fatou's Lemma to the left-hand side of the first equality of (2. which contradicts the inequality (G3), and the proof is complete.
• By modifying slightly the proof of Theorem 2.1, we can obtain the following theorems in which 2a + (3 may be equal to 1.
Theorem 2.2. Let g : fi xR ^ R be a Caratheodory function satisfying (Gi), (G2) with 2a + j3 = 1 and /? < 1. Then the problem (1.1) is solvable for each h e ^V x (i), provided that (G3) holds and for a.e. x e 4?
lim ^ = 0. (2.9)
Proof. In proving Theorem 2.1, the condition 2a + f3 < 1 is used only to show that the sequence {(l/Hunll 1^) Jg{x,u n )Qu n } is convergent to zero in E. Thus we can proceed exactly the same way as in the proof of Theorem 2.1, and it suffices to prove that {(l/Hunll 1 "' 3 )/g(x,u n )Qu n } is convergent to zero. By the assumption of (Gi), the sequence {Lu n /||u ra || a } is bounded in H. Using the compactness of L~y that {Qun/WunW*} has a subsequence that is convergent in H. We may assume without loss of generality that {<2u n /||u n || Q } is bounded by an L 2 (/2)-function independent of n. Since 2a + 0 = 1 and /? < 1, we have a > 0. It follows from (2.9), the fact that u n (x) -> 00 for a.e. x 6 J?+, u n (x) -> -00 for a.e. x € fi~ and the Lebesgue bounded convergence theorem that we have HT -on
Proof. By the assumption of 2a + /? ^ 1, we find that the left-hand side of the first inequality of (2.5) is bounded by a constant independent of n and (2.8) is satisfied. Clearly, both
are bounded by a constant independent of n. Applying Fatou's Lemma to the left-hand side of the first equality of (2.8), we have
which contradicts the condition (2.11), and the proof is complete.
•
If the null space of L enjoys the unique continuation property, then the assumption of P < 1 in Theorem 2.2 is superfluous, and the following theorem can be proved.
Theorem 2.4. Under assumptions of Theorem 2.3, the problem (1.1) is solvable for each h € A^X(L), provided that N(L) has the unique continuation property and both (2.9) and (G 3 ) hold.
Proof. It suffices to prove that the theorem is true when /? = 1 and a = 0, and it needs only to be shown that g(x, u n )Qu n -> 0, as n -> oo. (2.12) Indeed, the unique continuation property of N(L) implies that, for a.e. x 6 i?, |u n (x)| -> oo as n -> oo. It follows from this, (2.9) and the boundedness of {Qu n } in H that (2.12) is satisfied. Hence the proof is complete. Proof. Taking the inner product of (2.1) in H when u = u n and t = t n with u n , we have
g{x,u n )u n = t n j hu n = 0.
Combining this with (G3), we obtain
which is a contradiction. 
